It is shown that the Dirac-nambu-Goto brane can be described as a point particle in an infinite dimensional brane space with a particular metric. This suggests a generalization to brane spaces with arbitrary metric, including the "flat" metric. Then quantization of such a system is straightforward: it is just like quantization of a bunch of non interacting particles. This leads us to a system of a continuous set of scalar fields. For a particular choice of the metric in the space of fields we find that the classical Dirac-Nambu-Goto brane theory arises as an effective theory of such an underlying quantum field theory. Quantization of branes is important for the brane world scenarios, and thus for "quantum gravity".
Introduction
Quantization of the Dirac-Nambu-Goto p-brane [1] - [4] is a tough problem that still awaits for a solution. The problem is rather well understood an resolved in the case of strings (p = 1) [5] - [7] , but not of branes of arbitrary dimensionality p. Branes, p-branes and D-branes [8, 9] are important objects in string theory. Since according to the brane world scenarios [10] - [27] , [28] - [31] a 3-brane sweeping a 4-dimensional world sheet can be associated with our spacetime, quantization of the brane would as well resolve the problem of quantum gravity.
In this paper I will show that the Dirac-Nambu-Goto action, governing the dynamics of p-branes, is a special case of an action in an infinite dimensional space M, for a special choice of the metric. This suggests that the usual string or p-brane theory is embedded in a more general theory= in which the metric of M is arbitrary [28] in the same sense as is arbitrary the metric of spacetime in general relativity. In particular, the metric of M can be globally diagonal, in which case we have very special objects that I will call "flat branes". A flat brane is like a bunch of point particles in the absence of any interaction. If we bring an interaction into the game, then the metric of M is no longer globally diagonal, i.e., flat, and the space M has non vanishing curvature.
If such a generalized brane is compared with a bunch of interacting particles, then by analogy, the generic metric of the particle configuration space C should be like the generic metric of the brane space M. Such a reasoning suggests that the usual many particle interacting theory and its quantization should be generalized so that in the limit of continuous bunch of particles it would match the theory of general branes and the curved brane space M. In the case of flat brane space M and flat particle configuration space C, the generalized brane theory that allows for the diagonal metric of M, matches the usual theory of non interacting point particles, where the metric of C is also diagonal.
Quantized theory of a generalized brane should thus start just as the quantization of many particle systems: in flat brane space M. By analogy, quantized theory of an interacting many particle system should be formulated not in 4-dimensional spacetime, but in the many dimensional configuration space C. The corresponding quantum fields are then functions of position in C. As a model we consider the theory of a scalar field in a multidimensional configuration space. The action for such a system can be reduced to the action for a system of scalar fields describing non interacting distinguishable particles. In the continuum limit we have a bunch of non interacting particles forming a flat brane. Such a bunch of particles-a flat brane-is described by a continuous set of scalar fields, differing in the brane parameters σā, a = 1, 2, ..., p, the metric s(σ, σ ′ ) of the field space being diagonal (δ-function like). If we replace the diagonal metric with a more general one, then we have interactions amongst the brane constituent "particles".
We have found a particular metric s(σ, σ ′ ) = (1 + λ∂ā∂ā)δ p (σ − σ ′ ) which enables straightforward exact calculations and quantization. The inverse of such a metric is the propagator in the space {σā}. The theory becomes a theory of the scalar field ϕ(σā, x µ ) whose arguments are not only spacetime coordinates x µ , but also the brane coordinates σā. It is straightforward to compute the exact Hamiltonian and momentum operatorp. We then calculated how the expectation value ofp in a state which is the product of single particle wave packet profiles changes with time. We obtained the equations of motion for the wave packet centroid coordinatesXμ(σ) that match the classical brane equations of motion in the case when the determinant (−γ) of the brane's induced metric γāb is equal to 1. If we generalize the field space metric according to s(σ, σ ′ ) = 1 + λ∂ā( √ −γγāb∂b) δ p (σ − σ ′ ), then as the expectation value we obtain exactly the classical brane equations of motion. The classical brane theory is thus obtained as an effective theory of our underlying quantum field theory of a continuous system of scalar fields for a particular choice of the field space metric s(σ, σ ′ ). For a different choice of s(σ, σ ′ ) we would obtain a different effective classical brane-in agreement with our starting assumption that the brane space of a classical brane can have in principle an arbitrary metric, not necessarily the metric that gives the Dirac-Nambu-Goto brane.
2 A brane as a "point particle" in an infinite dimensional space
The Dirac-Nambu-Goto action for a p-brane is
Here γ ≡ det γ ab , γ ab ≡ ∂ a X µ ∂ b X µ , where X µ (ξ a ), µ = 0, 1, 2, ..., D − 1, a = 0, 1, 2, ..., p, are the embedding functions of the world volume swept by the p-brane, and κ is the brane tension.
A action that is equivalent to (1) is the Schild action [32]
in which the determinant of the induced metric occurs without the square root. This is a gauge fixed action. The equations of motion give ∂ a (−γ) = 0, which means that (−γ) = C, where C is a constant. If we choose a gauge so that
then the momentum π µ c = κ √ −γ ∂ c X µ derived from the Dirac-Nambu-Goto action (1) is equal to the momentum κ(−γ)∂ c X µ /k derived from the Schild action. This is the reason why in (2) we included an additional constant factor 1/(2k).
The action (1) is invariant under reparametrizations of the parameters ξ a ≡ (τ, σā),ā = 1, 2, ..., p. We can choose a particular gauge (choice of ξ a ) in which the determinant factorizes according to
The Schild action (2) is invariant under those coordinate transformations of ξ a which preserve the determinant γ. Also for the Schild action we can choose a gauge in which holds the factorization (4). Then Eq. (2) becomes
This can be written as
At every τ , the integrand is a quadratic form in an infinite dimensional space with the metric
Introducing the compact notatioṅ
the action (7) reads
The momentum derived from the action (6) is
where we have taken into account
which follows from (3) and (4). For the momentum belonging to the action (10) we obtain the expression which equals to (11) :
where p µ (σ) = η µν p ν (σ). From the definition (11) of the momentum we obtain the following constraint:
1 We use the generalization of Einstein's summation convention, so that not only summation over the repeated indices µ, ν, but also the integration over the repeated continuous indices (σ), (σ ′ ) is assumed.
We also have
In deriving Eq. (16) we wrote
, and used (15) . Eq. (10) can then be written in the form
Eq. (18) is a generalization to infinite dimensions of the Schild action
for a relativistic point particle in a curved spacetime with the metric g µν . The latter action is a gauge fixed action for a relativistic point particle, which is described by the reparametrization invariant action
Analogously, instead of (18), we can take the action
From (17) and (19) it follows thatκ/k = k/κ, i.e.,
This relation is valid not only in the gauge in which Ẋ2 √ −γ = k = constant, but also in an arbitrary gauge. The same is true for the constraints (15) and (16) . Similarly to a point particle being described at every τ by a finite set of coordinates x µ of a point (event) in a finite dimensional spacetime, a brane is described at every τ by an infinite set of coordinates x µ(σ) ≡ x µ (σ) of a point in an infinite dimensional space, the so called brane space M [28, 33] . As τ monotonically increases, the brane traces a worldline in M, described by the parametric equation
, which is a mapping from the 1-dimensional space of the parameter τ into an infinite dimensional brane space M whose points are denoted by an infinite set of coordinates x µ(σ) . The latter coordinates describe a brane event in an analogous way as the coordinates x µ , µ = 0, 1, 2, 3 described a point particle event in spacetime. The distinction between the lower case x µ(σ) and the capital X µ(σ) is the distinction between coordinates of the brane space M and τ -dependent functions X µ(σ) ≡ X µ(σ) (τ ). The derivativeẊ µ(σ) (τ ) is the velocity in M. Here x µ(σ) ≡ x µ (σ) denotes a kinematically possible brane. We postulate that distinct functions x µ (σ) can describe physically different branes, even in the case in which they are related to each other by a diffeomorphism σ i → σ ′ā = fā(σ). In such a case, a diffeomorphism is active: it transforms one brane into another brane that is physically different in the sense that its points are tangentially displaced while the mathematical surface of both branes are the same 2 . On the other hand, a passive diffeomorhism only relables the parameters σā into new parameters σ ′ā , whereas the brane remains the same.
Consideration of the branes related by active diffeomorphisms as distinct kinematically possible objects is a crucial step that enables a formulation of the generalized brane theory. Then the tensor calculus of general relativity can be straightforwardly generalized to infinite dimensions. A point particle event with coordinates x µ is analogous to a brane event with coordinates x µ(σ) . A diffeomorphism in spacetime,
is analogous to a diffeomorphism
i.e.,
where
The new M-space coordinates x ′µ(σ) are functions of the old M-space coordinates x µ(σ) , i.e., the embedding functions x ′µ (σ) are functionals of the old embedding functions x µ (σ). Both those diffeomorphisms can be either passive or active. If interpreted passively, then Eq. (25) means that the same brane is described either by M-space coordinates 3 x µ(σ) or x ′µ(σ) . Diffeomorphisms in the brane space M include the diffeomorphisms within the brane as well:
In the latter expression we can rename σ ′ into σ and write x ′µ (σ) instead of X ′µ (σ ′ ). Eq. (28) means that the brane space coordinates x µ(σ) transform into new brane space coordinates x ′µ(σ) . Those new coordinates can be interpreted in the passive sense, namely that they describe the same brane, or in the active sense, namely that they describe a different, i.e., tangentially deformed, brane.
Tensor calculus in brane space M is analogous to that in spacetime. For instance, under a diffeomorphism (25) the velocity and the metric transform aṡ
Here we use the following notation for functional derivatives:
In general, the metric of M need not be of the form (8) . Moreover, it can be a metric that is not equivalent to (8) via a diffeomorphism in M; it can be a completely different metric. In Refs. [28, 33] it was proposed that the metric of M is dynamical like the metric of spacetime in general relativity.
The equations of motion derived from (22) are
. This is the geodesic equation in the brane space M, and, after usingẊ µ(σ) = ρ µ(σ)ν(σ)Ẋ ν(σ) it can be written in the form
is the connection in M, with comma denoting the functional derivative. The inverse metric
Eq. (32) holds for any metric. For the particular metric (8), the action (22) reads
, where the Lagrangian
is a functional of infinite dimensional velocities and coordinates. The Euler-Lagrange equations
This is the same equation as that derived from the Dirac-Nambu-Goto action (5).
We have thus verified that the action (35) , which is just (22) for a particular metric (8) , gives the same equations of motion as the action (5). The form of the action (22) suggests that in general the metric can be arbitrary, either a "curved" or a "flat" metric, including the brane space analog of the metric η µν 3 Flat brane space: a brane as a bunch of non interacting point particles
The reasoning at the end of the last section suggests that we should start formulating the brane theory with the most simple metric, i.e.,
which is the metric of flat brane space M. With such a metric the action (22) becomes
This is an action for a brane in flat background space M. Such a brane we will call flat brane. The action (41) is not invariant under general coordinate transformations (25) in M-space. Under a diffeomorphism (25) the metric (40) occurring in the latter action transforms according to (30) into a new metric. A diffeomorphism (28) is just a particular diffeomorphism in M-space, and the action (22) is invariant under (28), and of the same form. This shows that we need not to worry that (41) does not contain a square root of the determinant of the metric in the σā space, because the action (41) is a particular case of the action (22) in which the metric is fixed according to (40) , and which is invariant and covariant from the M-space point of view. The equations of motion derived from (41) are
where now we haveX
In a gauge in whicḣ X 2 = 1, the equations of motion read
and their solution is
This is a bunch of straight worldlines. In other words, Eq. (44) represents a continuum limit of a system of non-interacting point particles, tracing straight worldlines. Quantization of the system described by the action (41) can be performed in analogous way as the quantization of the point particle in flat spacetime. Eq. (41) implies the constraint
Upon quantization, Eq. (45) becomes the generalized Klein-Gordon equation,
in which the field
is a functional of the brane's embedding functions x µ (σ). The corresponding action for the equation (47) is
Explicitly, Eq. (47) reads
which in the usual notation reads
A particular solution is
where the momentum eigenvalue p µ(σ) satisfies the constraint (45). A general solution of Eq. (51) is
Upon second quantization, φ(x µ(σ) ) becomes the operator that creates or annihilates a brane with coordinates x µ(σ) ≡ x µ (σ). Because we consider the flat brane space with the metric (40), a brane with coordinates x µ(σ) is in fact a bunch of non interacting point particles, i.e., a continuous limit of a many particle system.
The coefficients c(p) ≡ c(p µ(σ) ) determine the profile of the wave packet. Let us consider the case in which
This means that the brane momentum in the interval from σ = 0 to σ = ∆σ is undetermined, whereas in the interval σ ∈ (∆σ, L) is sharply determined, so that it is equal to p 0µ(σ) . If we insert (55) into the general solution (54), we obtain
is a phase factor. In arriving at (56) we have used
where (56) is a solution of the generalized Klein-Gordon equation (47). But because the momenta p µ(σ) ≡ p µ (σ) for σ ∈ (∆σ, L) have been integrated out, the field (56) is a solution of the Klein-Gordon equation restricted to σ ∈ (0, ∆σ) as well:
The δ-function constraint in Eq. (56) can be written as
Multiplying the latter expression by ∆σ and introducing p µ = p µ (σ)∆σ, κ∆σ = m, we obtain
which is the constraint among the point particle momenta. Not only in the generalized, but also in the restricted Klein-Gordon equation (60), the momentum operator is the functional derivative (48). By proceeding in the analogous way as in Eqs. (61), (62), we obtain
is the partial derivative with respect to the brane coordinates at σ = σ 0 = 0, and ϕ(x µ ) = φ(x µ(σ) )| σ 0 . In our setup, the segment of the brane around σ = σ 0 (= 0) behaves as a point particle and satisfies the point-particle Klein-Gordon equation. The remaining segment of the brane from σ = ∆σ to σ = L, has definite momentum p µ (σ) = p 0µ (σ), and contributes only a phase factor (57). If p 0µ (σ) = 0, this means that actually there is no brane outside the range σ ∈ (0, ∆σ). Then we have only the brane within σ ∈ (0, ∆σ), which in the limit ∆σ → 0 behaves as a point particle. For finite, but small ∆σ, the brane behaves approximately as a point particle. At the end of Section 4 we further illuminate the derivation of (63) from (50).
The action for the field ϕ(x µ ), satisfying the Klein-Gordon equation (63), is
The latter action can also be straightforwardly derived from the action (50) by taking the ansatz
and using (58). In the following we will describe the flat brane by means of many particle non interacting field theory. Different segments of the brane behave as distinguishable particles, each being described by a different scalar field ϕ r (x). The action for a system of those scalar fields is
The canonically conjugated variables are ϕ r (t, x) and Π r (t, x) = ∂L/∂φ r =φ r , where
and the Hamiltonian is
Upon quantization, ϕ r and Π r become the operators satisfying
The field ϕ r (x), x ≡ x µ ≡ (t, x) can be expanded in terms of the creation and annihilations operators,
We have absorbed the usual factor (2π)D 2ω k , where
The latter operators create and annihilate a particle with the momentum k.
Let us introduce the Fourier transformed operators
The operator a r (x) annihilates the vacuum |0 , whereas a † r (x) creates a particle at position x:
In Appendix A we examine in more detail the properties of the operators a r (x), a † r (x) and show that in a given Lorentz frame they can indeed be interpreted, respectively, as a creation and annihillaton operators for a particle at the position x.
A succession of a † r (x)'s creates a manny particle state
In a more compact notation this reads
where X r denotes a configuration of many particles, each having a different position x r , r = 1, 2, ..., N.
In the limit of infinitely many densely packed particles such a configuration can be a brane:
The momentum operator of the r-th particle iŝ
The latter definition is equivalent to the usual definition of momentum operator, because the factor 1/((2π)D 2ω p ) has been absorbed into the definition of the operators a † r (p) and a r (p). Similarly, we can define the position operator,
Notice that the position operator so defined is not equivalent to the usually defined "position operator" [34] - [36] , which is then shown to be inappropriate, because it is not self-adjoint with respect to the considered, i.e., Lorentz invariant, scalar product. Our position operator (80) is Hermitian, becausex † r =x r . It is also self-adjoint with respect to the Lorentz non invariant 4 scalar product between the wave packet states created by a †
whereN r = dDx a † r (x)a r (x) is the number operator for an r-type particle. Let us define the center of mass operator
Then Eq. (81) can be written as
A generic many particle state is then a superposition
= dp 1 dp 2 ...dp N g(t,
Because a † r (x), r = 1, 2, ..., N, are bosonic operators, there can be more than one operator of the same type r in the product.
Thus, a † r (x r ) can be extended to a † A state evolves in time according to the Schrödinger equation
where the Hamiltonian operator is given in Eq. (67), which, after using (68)- (71) becomes
Here ω rk = m 2 r + k 2 . We are now interested in calculating the expectation value of the r-th particle position operator, x rT in a state |ψ . After a straightforward calculation, by using the Schrödinger equation, the commutation relations (70),(71), (73),(74), the definition (80) of the position operator, and by taking the Gaussian wave packet so that
where E 0 = 1 2 dp r ω rp δ(0), we obtain
Here p r ω rp ≡ ψ|p r ω rp |ψ = dp
and x r0 = ψ(t = 0)|x r |ψ(t = 0) . In the last equation we have an example for the expectation value of the operator p r /ω rp in the case when for each r we have only one particle state, a † r (x)|0 , and not
...|0 . In Eq. (91), p r /ω rp is the expectation value of a particle's velocity. Thus the expectation value of each particle's center of mass position within our configuration traces a straight worldline. If particles are close to each other, such a configuration samples a flat brane. In the continuous limit we have a flat brane.
The position and momentum operator of the whole configuration arê
They satisfy
is the number operator for the whole configuration.
A single state of the s-the particle is
The matrix elements are
All equations (66)- (97) can be straightoforwardly generalized to a continuous set of "particles", if instead of the discrete index r we take a continuous parameter, more precisely, a set of parameters σ ≡ σā,ā = 1, 2, ..., p.
Towards curved brane space: A brane as a bunch of interacting point particles
Let us now introduce an interaction between the particles described by the fields ϕ r , and generalize the action (66) according to
The matrix s rs has the rôle of a metric in the space of fields. In general, s rs is a functional of ϕ r . If s rs is not a functional of ϕ r , if it can be diagonalized, and has the inverse s rs , then the action (98) brings nothing new in comparison with the action (66). Interactions come into the game, if s rs is a functional of ϕ r , or if it cannot be diagonalized.
In the continuum limit, the discrete index r becomes the continuous index (σ), and ϕ r becomes ϕ (σ) . A discrete set of point particles, described by a discrete set of scalar fields ϕ r , r = 1, 2, ..., N, becomes a continuous set of point particles -a brane-described by a continuous set of scalar fields ϕ (σ) . The action (98) is then replaced by
In general, s (σ)(σ ′ ) is a functional of ϕ (σ) , and it can thus give an interaction, provided that the space of fields has nonvanishing curvature. We will restrict our consideration to the case when s (σ),(σ ′ ) does not depend on ϕ (σ) . Then we can still have an interacting system, if s (σ)(σ ′ ) cannot be diagonalized to s (σ)(σ ′ ) = δ(σ − σ ′ ). We will assume that s (σ)(σ ′ ) has the inverse s (σ)(σ ′ ) , such that
The equation of motion is
. Because of (100) we also have
The canonically conjugated variables ϕ (σ) and
The Hamiltonian is
A general solution of Eq. (101) can be expanded according to
where ω k = √ k 2 + m 2 . Analogous expansion holds for ϕ (σ) . Now we have the following commutation relations:
Because
and
Using (106) and (107), the Hamiltonian (105) becomes
where H z.p. is the "zero point" Hamiltonian, and
For the momentum operator we obtain
We will now assume that in general m depends on position σ on the brane 6 . Then also ω k = √ m 2 + k 2 is function of σ. We thus have
In the expression for H † we have renamed σ → σ ′ , σ ′ → σ, and used s (σ ′ )(σ) = s (σ)(σ ′ ) . The Hamilton operator so modified is not Hermitian. The momentum operator remains unchanged and Hermitian.
Let us now calculate the time derivative of the expectation value of the momentum operatorp. We obtain:
In the last step of the above equation we have used the Schrödinger equation and its hermitian conjugate,
5 From the action (99), using the standard field theoretic methods, we obtain the stress-energy tensor
, and the momentum P ν = dΣ µ T µ ν . Its spatial components are Pμ = dDx ϕ (σ) ∂μϕ (σ) , where we have taken the reference frame in which the hypersurface has components dΣ µ = (dΣ 0 , 0, 0, ..., 0) with dΣ 0 = dDx. The Fourier transform of the integrand in Pμ ≡ P gives after quantization the momentum operator (112). 6 In the discrete case this corresponds to each particle having a different mass m r (see Eqs. (66), (67), (88)).
In quantum theory we have by definition d dt ψ|p|ψ = ψ| dp dt |ψ .
Therefore, Eq. (115) gives dp dt = (−i)(pH − H †p ).
The latter expression is equal to (dp/dt) † , therefore (dp/dt) is Hermitian, as it should be. The zero point Hamiltonian, H z.p. = H † z.p. , cancels out in Eq. (118). As the first step let us now consider the brane state which is the product of "single particle" wave packet profiles:
integration over (σ). (119)
Acting on the latter state by an annihilation operator, we obtain
where |ψ is the product of all the single "particle" states. except the one picked up by
We thus have
where normalization can be such that ψ |ψ = 1. Alternatively, if we take the state |ψ = dp
and where now we have the integration over (σ), (σ ′ ), then we obtain
where 0|0 = 1.
Comparison of Eqs. (120), (122) with (125),(126) reveals us that instead of the state (119) in which we have the product of the single "particle" states, we can as well take the state (123) in which we have a superposition of the single "particles" states over σ.
Inserting the state (119) into (115), we obtain
where we now write g (σ) (p) ≡ g(σ, p), and s (σ)(σ ′ ) ≡ s(σ, σ ′ ). Let us now choose
Then Eq. (127) gives
This is the time derivative of the expectation value of the total momentum operator of the brane, ψ|p|ψ = dp dσ dσ
where p σ = dp p(g
Here |ψ σ = dp g(σ, p)a
is the state of the brane's element at σ ′ ≡ σ ′ā . This is the state (119) in which there is no product over σ, or equivalently, the state (123), in which there is no integration over σ. In Eq. (131) we have thus the expectation value of the momentum of the brane's element at σ.
Omitting the integration over σ in Eq. (129), we obtain
which is the time derivative of the expected momentum of a brane's element, i.e., a "particle" forming the brane.
In Eq. (133) we can take ω p that does not change with σ, and yet, in general, the expression would not vanish. For constant ω p we obtain
This is the continuity equation for a current density on the brane. Integrating the latter equation over σ, we have (d/dt) p = 0. This means that for a constant m, and thus for constant ω p = m 2 + p 2 , the total momentum of the brane is constant in time, as it should be for an isolated brane 7 . The momentum of a brane's element dσ at σ in general changes with time according to Eq. (134). With our model we have thus reproduced the well known facts about the brane's momentum. In the following we will explore how the things look in the coordinate representation.
By taking the Fourier transform according to
we obtain 
The latter equality comes from the Schrödinger equation, as shown in Appendix B. Such equation is well known in the literature [39] - [41] , [42] . Eq. (136) can be written as
where ∇ ≡ ∂μ,μ = 1, 2, ...D. The r.h.s. of Eq. (138) is the divergence of the expectation value of the operator
which roughly corresponds to the classical quantity
associated with a brane for which the determinantγ of the spatial induced metric is constant, the constant being equal to 1 (see Eq. (39)). Such a brane can be either a flat brane, or a non flat brane, described in a gauge in which −γ = 1. The correspondence is approximate (rough), because in Eq. (138) ∂ā is raised with δāb, and not withγāb. In order to calculate the integral in Eq. (138) we need to know the wave function f (σ, x, t) which, in general depends on time, and must satisfy the Schrödinger equation. Its exact solution for a minimal uncertainty wave packet has been found in Ref. [42] . As a first estimation let us take the unperturbed wave function, which close to the initial time t = 0, is equal to
wherex(σ),p,p 0 are, respectively, the coordinates, momentum and energy of the wave packet center, and where A is the normalization constant. Because f satisfies Eq. (137), in which the square root expands to infinite order derivatives, at any t > 0, the function f , even if localized at t = 0, becomes delocalized. But as it follows from Ref. [42] , the deviation from the Gaussian wave packet, such as (141), is relatively small close to the initial time t = 0. So we have
we have
The normalization of f involves also the integration over d p σ, so that we have
Using (141)- (147) in Eq. (139) and taking t ≈ 0, we obtain
Let us compare the latter equations with the brane equation of motion (39) in which we take (−γ) = 1. The expectation value pμ σ ≡ p σ corresponds to pμ(σ) = κẊμ √Ẋ 2 , whereasp 0 S ∂āXμ corresponds to κ Ẋ2 ∂āXμ = p 0 (σ)Ẋ 2 ∂āXμ. In the gauge
We have thus found that the centroid coordinatesXμ(σ) satisfy the equations of motion of a brane with (−γ) = 1 and v 2 ≈ 0, up to the factor λ/σ 0 . It is fascinating that such result comes from the field theory of a continuum of points particles, in which the interaction is given in terms of the metric (128) acting in the space of fields φ (σ) (t, x), and the wave packet profile being approximated with the expression (141) taken near t = 0. Therefore Eq. (149) is valid only near the initial time. For a different quantum state we would obtain an equation of motion for the expectation values that would differ from (149).
We can also consider the possibility of introducing a more general interaction than (128). First we observe that Eq. (136) can be written in the form
If we generalize the interaction metric λ(σ, σ ′ ) according to
whereγ = detγāb is the determinant of the metric γāb in the space of parameters σ ≡ σā, and ∂ā = γāb∂b, then we obtain
The latter equation corresponds to the brane equation of motion with non trivial −γ = 1, i.e., to the equation of motion of the Dirac-Nambu-Goto brane, provided that γāb is equated with the induced metric on the brane's worldsheet, γāb = ∂āX µ ∂bX µ . Taking the appropriate wave packet (141) and performing the calculations as in (142)-(148) we obtain
This is indeed very close to the brane equation (38) or (39), apart from the factoṙ X 2 = 1 − v 2 . In our equation (154) we haveẊ 2 = 1, which means that v 2 = 0. Since Eq. (154) has been calculated for the wave packet at t ≈ 0, this is consistent with vanishing pμ ∝Ẋμ at t ≈ 0. Because by our assumptionγāb is the metric in the space of parameters σ ≡ σā, a = 1, 2, ..., p, and becauseXμ(σ) describe a brane whose induced metric is ∂āXμ∂bXμ, we conclude thatγāb = ∂āXμ∂bXμ.
Let us now investigate what happens if we use the metric (128) in the classical action (22) by setting
Because the latter metric does not functionally depend on X α(σ) , the second term in the equation of motion (32) vanishes. Therefore the equation of motion is
For the metric (155) we have
where in the last step we have used Eq. (23) with (−γ) = 1. We see that our metric (155) modifies the momentum so that it contains an extra term, but otherwise the equation of motion is merely the derivative of momentum (156), with no brane-like "force" term of the form similar to the second term in Eq. (39) .
For a generic metric, the constraints (16), associated with the action (22) leads to the field theory based on the action
I we take the Ansatz
then the functional derivative acts as a partial derivative according to
The second term in (159) can be written in the form
If we take the metric
, we arrive at the action
This is just the action (99) considered at the beginning of this section, by postulating the interaction metric s (σ)(σ) between the continuous set of scalar fields ϕ (σ) (x), whose quantized theory leads to the expectation value equations of motion (149), which contain the brane-like force term that is missing in the classical equations of motion (156) for the metric ρ µ(σ)ν(σ ′ ) = η µν s (σ)(σ ′ ) . The important point is that in the classical theory with the relatively simple metric (155) we have the simple equations of motion (156), whereas in the quantized theory with the same metric we also obtain the "force" term in the effective equations of motion (149) or (154). The expectation value equations of motion describe the centroid brane whose brane space metric is no longer (155), but a more general effective metric.
We will now show that to Eq. (149) corresponds the metric
If we insert this metric into (22), we obtain the following equations of motion:
Let us now observe that the following relation is satisfied:
This relation can be easily proved by writing it in the form
and integrating by dσ. Then we obtaiñ
Since κ 2 dσ =κ 2 and dσ ∂āXμ∂āXμẊ
, where ρ µ(σ)ν(σ ′ ) is given by (165), we see that (169) is an identity.
Using (167) 
If we rewrite the latter equation in terms of momenta
we obtain dp µ(σ) dτ + ∂ā(p 0(σ)Ẋ 2 ∂āX µ ) = 0.
For the spatial componentsμ = 1, 2, ...D, in the gauge τ = X 0 ≡ t, so thatẊ 2 ≡ X (154) can be derived from the effective action (22) with the metric
The equations of motion are then
(175) Instead of (167) we have nowκ
Using the latter relation, Eq. (175) becomes
Recall thatγāb is the metric in the space of parameters σā. On the other hand, Xν(τ, σā) describes a brane. Therefore it makes sense to equateγāb with the induced metric on the brane:γāb = ∂āXν∂bXν.
Let us now take into account that the trace of the metric is equal to the dimension of the brane:
Inserting this into (177) we find that p cancels out, and Eq. (177) becomes
This is precisely the equation of motion (39) of the Dirac-Nambu-Goto brane. Expressing it in terms of momenta, it can be written in the form dp
In the gauge τ = X 0 ≡ t, we find that for v 2 = 0 the latter equation corresponds to the expectation value equation of motion (154).
Further clarification of the action for a continuous set of interacting fields
We will now rewrite the action (99) into a more familiar form. Let us write ϕ (σ) (x) ≡ ϕ(σ, x), and take the metric (128). Then, after performing partial integration over σā and omitting the surface term, we obtain
Variation with respect to ϕ(σ, x) gives the field equation
subjected to the condition
We can take πā arbitrary, whereas p µ satisfying the mass shell constraint p µ p µ −m 2 = 0 (Case A), or vice versa, p µ arbitrary and πā satisfying 1 − λπāπā = 0 (Case B).
Eq. (183) can be written as
The Fourier transform
whose inverse iss
Taking the Fourier transform of the latter expression, we obtaiñ
This is the propagator in the space of parameters σā, and is the inverse of s(σ, σ ′ ). We thus have dσ
Multiplying Eq. (186) bys(σ ′′ , σ), integrating over σ, using (191), and renaming σ
Eqs. (183) and (192), of course, correspond to (101) and (102), where
A general solution of Eq. (183) in Case A is
Identifying a(σ, p) ≡ a (σ) (p) we find that (195) is the same equation as (106), as it should be. We see that our continuous bunch of scalar fields whose mutual interaction is given by the field space metric s (σ)(σ ′ ) ≡ s(σ, σ ′ ) (given in Eq. (128) or (187)) is described by the action (182). This is an action for a field ϕ(σā, x µ ), which depend not only on spacetime coordinates x µ , but also on the brane parameters σā. The action can be written in terms of the metric (187), whose inverse is the propagator (190) on the brane.
Conclusion
We have found a resolution of the problem of brane quantization, which can have important implication for the brane world scenarios that consider our spacetime as a brane living in a higher dimensional space. First we have shown that the DiracNambu-Goto brane can be described as a "point particle" in an infinite dimensional brane space with a special metric. The analogy with general relativity suggests that the metric is dynamical and thus not necessarily restricted to the special form. As in general relativity the simplest metric is that of flat spacetime, so in the brane theory the brane space can have a simple "flat" metric as well. A flat brane is like a bunch of non interacting point particles. Upon quantization such a system is described by the quantum field theory of a continuous set of non interacting fields ϕ σ , each one describing a different distinguishable particle.
We then considered an interacting system by introducing a coupling between the fields. We achieved this by adding an extra term to the δ-function like metric in the field space. This extra, interacting, term was of the form λ∂ā∂āδ p (σ − σ ′ ). Because of the latter term, the time derivative of the expectation value of the momentum operator, calculated for an evolving wave packet like state, does not vanish. We have found that the center of the wave packet at each σā satisfies the equations of motion of a classical brane which is nearly like the usual Dirac-Nambu-Goto brane. The difference is in the determinantγ ≡ detγāb of the induced metric on the brane being restricted toγ = −1. We also showed that the interacting term λ √ −γ∂āγāb∂bδ p (σ − σ ′ ) for a general metric γāb and the corresponding determinantγ leads to the equation of motion of the Dirac-Nambu-Goto brane.
All this means that the special brane space metric for a Dirac-Nambu-Goto brane was induced from the underlying field theory of the continuous system of interacting scalar fields, the interaction being given by a certain coupling term. If we chose a different coupling term, we would obtain a different effective classical brane, living in a brane space whose metric were different from that of the Dirac-Nambu-Goto brane.
In this paper we concentrated on scalar field. But analogous procedure could be applied to fermion fields as well. We considered the usual canonical field quantization, which is somewhat cumbersome because of the (1 + 3) split of spacetime. How the present theory can be cast into the more elegant Fock-Schwinger proper time formalism, or into the Stueckelberg invariant evolution parameter formalism, is beyond the scope of this paper, and will be shown elsewhere.
operators. But those operators themselves are not Lorentz covariant objects 12 and cannot be transformed into another Lorentz reference frame. The transformation of a † (x) defined in Eq. (197) into another Lorentz frame makes no sense. The same is true for the localized state |x = a † (x)|0 . It is not correct to say that such a localized state in S when observed from S ′ acquires the strange properties of giving a nonzero amplitude for detection spread out all over space. To see how a localized state looks from the frame S ′ , one must consider not only the basis state |x , but also an amplitude f (x). In Appendix B we show that with the aid of the non covariant operators a † (x), we obtain the appropriate equations for amplitudes, and the corresponding 4-current which is a Lorentz covariant object.
After performing a partial integration, the action of the operator m 1 + (−i∇) 2 2m 2 + ... = (m 2 + (−i∇) 2 ) 1/2 can be switched from δD(x − x ′ ) to f (x), so that δD(x − x ′ ) becomes "free", and can be integrated out. So we obtain that the Schrödinger equation (209) for a single particle wave packet profiles is satisfied if the amplitude satisfies [39] - [41] i ∂f ∂t = m 2 + (−i∇) 2 ) 1/2 f.
The Hamilton operator in the above equation when expanded contains derivatives up to infinite order. Therefore the function f satisfying (210), even if initially f (0, x) localized within a finite region, at any later time t has non vanishing values at all points x. Therefore in the literature [39] - [41] it is usually said that such a wave function is non local. But in Ref. [42] it was shown that f (t, x) which satisfies the initial condition of a minimal uncertainty in position and momentum evolves as a wave packet whose probability density is concentrated in a finite spatial region. Using the results of Ref. [42] we have found that sufficiently close to the initial time the localization of such a wave packet is even more pronounced. The contribution of the wave packet's tail is small in comparison to the contribution of the region around the wave packet's center. By the way, if f were a spinor, we could take the square rootà la Dirac, and (210) would become the Dirac equation 
In such a case, of course, a † (x) should be replaced by fermionic operators, and instead of the scalar field theory we would have the fermionic field theory.
What about the probability density and current? From Eq. (202) we see that
can serve as the probability density. Differentiating ρ(x) with respect to time, and using the Schrödinger equation (210), we obtaiṅ
Using the expansion We see that nothing strange happens with the particle localization if we observe it from another Lorentz frame. Instead of the spherical Gaussian (229) at t = 0, we see in S ′ an ellipsoidal Gaussian (230) function, each x ′ taken at different t ′ = −vx ′ / √ 1 − v 2 . This reflects the fact that in S the localization is on the simultaneity hyper surface t = 0, which in S ′ is not a simultaneity Hyper surface. The observer in S ′ , of course, normally does not define the spread of a localized particle's position at different values of his time t ′ , he defines it at the same value of t ′ , i.e., on the simultaneity hyper surface of the Lorentz frame S ′ . Therefore the observer in S ′ formulates the quantum field theory with respect to S ′ in the same manner as we did with respect to S. In S ′ one then obtains results concerning wave packets and localization that are analogous to those that we obtained in the reference frame S. As already mentioned, according to Ref. [42] such an initially Gaussian wave packet evolves so that it remains localized in the sense that the contribution of its tail remains small in comparison to the contribution around the wave packet's center. Though the tail contains superluminal propagation, it does not necessarily mean the violation of causality, if the latter is properly defined in terms of macroscopic modulated beams that can bear information. Single particle events at space-like separations can not transmit information, and therefore do not violate the properly defined causality.
which is physically relevant, and whose properties (e.g., localization, behaviour in different Lorentz frames, etc.) are to be considered.
